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Abstract
The study of Skyrmions predicts that there is an icosahedrally symmetric charge
seventeen SU(2) Yang-Mills instanton in which the topological charge density, for
fixed Euclidean time, is localized on the edges of the truncated icosahedron of the
buckyball. In this paper the existence of such an instanton is proved by explicit
construction of the associated ADHM data. A topological charge density isosurface
is displayed which verifies the buckyball structure of the instanton.
1
1 Introduction
Skyrmions, which are three-dimensional topological solitons, have an approximate de-
scription in terms of four-dimensional SU(2) Yang-Mills instantons [2]. In this approach
a charge N Skyrme field is approximated by the holonomy, along lines parallel to the Eu-
clidean time axis, of a charge N instanton in R4. A rotational symmetry of a Skyrmion in
R
3 corresponds to an equivalent rotational symmetry of the instanton, acting as a rotation
of R3 ⊂ R4 leaving fixed the Euclidean time.
It is expected that all minimal energy Skyrmions (and other non-minimal Skyrme fields)
can be adequately described by the instanton approximation. Thus, if the minimal energy
charge N Skyrmion is symmetric under the action of a finite rotation group G ⊂ SO(3),
the instanton approximation predicts the existence of a (family of) charge N G-symmetric
instantons. The minimal energy Skyrmions of charge one, two, three, four and seven are
particularly symmetric, having spherical, axial, tetrahedral, octahedral and icosahedral
symmetry respectively [6, 4], and suitable symmetric instantons have been found [2, 15, 17]
to correspond to each of these.
For larger values of the charge the minimal energy Skyrmion generically has a fullerene-
like structure [5], in which the topological charge density is localized around the edges of a
trivalent fullerene polyhedron. It is therefore expected that there are families of fullerene-
like instantons, in which the instanton topological charge density, for fixed Euclidean time,
is localized on the edges of the fullerene polyhedron. A particularly symmetric example
occurs at charge seventeen, where the fullerene is the icosahedrally symmetric buckyball
of the truncated icosahedron. Given that this corresponds to the minimal energy charge
seventeen Skyrmion then the prediction is that there is an icosahedrally symmetric charge
seventeen Yang-Mills instanton in which the topological charge density, for fixed Euclidean
time, is localized on the edges of the buckyball. In this paper we prove the existence of
such an instanton by explicit construction of its ADHM data.
The ADHM construction, which we briefly review in the following section, converts
the instanton equations into nonlinear algebraic constraints. However, only for instantons
with charge three or less can the general solution of these constraints be obtained in closed
form. The construction of high charge symmetric instantons, motivated by the existence of
associated Skyrmions, may therefore be viewed as a way to simplify the ADHM constraints
so that particular exact solutions may be found even though the general solution is not
tractable. For most symmetric instantons obtained this way (including the one presented
in this paper) elementary symmetry considerations show that the instanton is not of the
Jackiw-Nohl-Rebbi type [14], so it is a genuinely new solution of the ADHM constraints.
2
2 Symmetric ADHM Data
The ADHM construction [1, 7, 8] generates the gauge potential of the general charge N
instanton from matrices satisfying certain algebraic, but nonlinear, constraints.
The ADHM data for an SU(2) N -instanton consists of a matrix
M̂ =
(
L
M
)
(2.1)
where L is a row of N quaternions and M is a symmetric N ×N matrix of quaternions.
To be valid ADHM data the matrix M̂ must satisfy the nonlinear reality constraint
M̂ †M̂ = R0 , (2.2)
where † denotes the quaternionic conjugate transpose and R0 is any real non-singular N×N
matrix.
The first step in constructing the instanton from the ADHM data is to form the matrix
∆(x) =
(
L
M − x1N
)
, (2.3)
where 1N denotes the N × N identity matrix and x is the quaternion corresponding to a
point in R4 via x = x4 + ix1 + jx2 + kx3. The second step is then to find the (N + 1)-
component column vector Ψ(x) of unit length, Ψ(x)†Ψ(x) = 1, which solves the equation
Ψ(x)†∆(x) = 0 . (2.4)
The final step is to compute the gauge potential Aµ(x) from Ψ(x) using the formula
Aµ(x) = Ψ(x)
†∂µΨ(x) . (2.5)
This defines a pure quaternion which can be regarded as an element of su(2) using the
standard representation of the quaternions in terms of the Pauli matrices.
In order for all these steps to be valid, the ADHM data must satisfy an invertibility
condition, which is that the columns of ∆(x) span an N -dimensional quaternionic space
for all x. In other words,
∆(x)†∆(x) = R(x) (2.6)
where R(x) is a real N ×N invertible matrix for every x.
It will be useful later to recall that the topological charge density
N = − 1
16π2
ǫµναβTr(FµνFαβ) (2.7)
(whose integral over R4 gives the instanton number N) can be written entirely in terms of
the determinant of the matrix R(x) as [8, 16]
N = − 1
16π2
∇2∇2 log detR(x) (2.8)
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where ∇2 denotes the four-dimensional Laplacian.
There is a freedom in choosing Ψ(x) given by Ψ(x) 7→ Ψ(x)q(x), where q(x) is a unit
quaternion. The unit quaternions can be identified with SU(2) and from equation (2.5)
we see that this freedom corresponds to a gauge transformation.
There is a further redundancy in the ADHM data corresponding to the transformation
∆(x) 7→
(
q 0
0 O
)
∆(x)O−1 , (2.9)
where O is a constant real orthogonal N × N matrix, q is a constant unit quaternion
and the decomposition into blocks is as in equation (2.3). The transformation rotates the
components of the vector Ψ, as can be seen from its definition (2.4), but this does not
change the gauge potential derived from the formula (2.5).
Symmetric instantons within the ADHM formulation are described in detail in ref.[17]
and we only recall the main aspects here. We are interested in instantons which are
symmetric under the action of a finite rotation group G ⊂ SO(3) acting on the coordinates
(x1, x2, x3) of R
3 ⊂ R4 and leaving x4 alone. The quaternionic representation of a point
x ∈ R4 in the ADHM construction means that it is convenient to work with the binary
group G˜, which is the double cover of G obtained from the double cover of SO(3) by SU(2).
Now we can exploit the equivalence of SU(2) and the group of unit quaternions to represent
an element of G˜ by a unit quaternion g, with spatial rotation acting by the conjugation
x 7→ gxg−1 , (2.10)
which fixes the x4 component and transforms the pure part by the SO(3) rotation corre-
sponding to the SU(2) element represented by g. The ADHM data of an N -instanton is
G-symmetric if for every g ∈ G˜ the spatial rotation (2.10) leads to gauge equivalent ADHM
data. Recalling the redundancy (2.9), the requirement is that for every g
(
L
M − gxg−11N
)
=
(
q 0
0 Og
)(
L
M − x1N
)
g−1O−1 , (2.11)
where, as earlier, O ∈ O(N) and q is a unit quaternion, both being g-dependent. The set
of matrices O(g), as g runs over all the elements of G˜, forms a real N -dimensional represen-
tation of G˜, and similarly the set of quaternions q(g) forms a quaternionic one-dimensional
representation or equivalently a complex two-dimensional representation. The procedure
to calculate G-symmetric ADHM data is therefore first to choose a real N -dimensional
representation of G˜, which we shall denote by W, and a complex two-dimensional represen-
tation of G˜, which we shall denote by Q, and then to find the most general matrices L and
M compatible with equation (2.11). Hopefully, these matrices then contain few enough
parameters to make the ADHM constraint (2.2) tractable, yet non-trivial.
4
irreps of Y˜ A E ′
1
E ′
2
F1 F2 G G
′ H I ′
dimension 1 2 2 3 3 4 4 5 6
Table 1: Irreducible representations of Y˜ .
3 Representations of the Binary Icosahedral Group
In this paper we are concerned with icosahedrally symmetric instantons, so we shall
require some details of the representation theory of the binary icosahedral group Y˜ . There
are nine irreducible representations of Y˜ , and these are listed in Table 1 together with their
dimensions. A prime on a representation denotes that it is not a representation of Y, but
only of the binary group Y˜ .
The representations A,E ′
1
, F1, G
′, H, I ′, of dimension d = 1, 2, 3, 4, 5, 6 are obtained as
the restriction d|
Y˜
of the corresponding d-dimensional irreducible representation of SU(2).
As for the remaining representations, E ′
2
and F2 are obtained from the representations E
′
1
and F1 by making the replacement
√
5 7→ −√5 in the character table, and G = E ′
1
⊗ E ′
2
.
The binary icosahedral group is generated by the three unit quaternions [9]
g1 = i, g2 = j, g3 = −1
2
(i+ τj − τ−1k) (3.1)
where τ = 1
2
(
√
5+1) is the golden mean. This quaternionic one-dimensional representation
corresponds to the complex two-dimensional representation E ′
1
.
In the following section we shall require expressions for these three generators in the
representations E ′
2
, F2, G and H, so we present them here.
Regarding E ′
2
as a one-dimensional quaternionic representation the three generators are
obtained by making the replacement τ 7→ −τ−1, in the expressions (3.1)
q(g1) = i, q(g2) = j, q(g3) = −1
2
(i− τ−1j + τk) (3.2)
this corresponds to the replacement
√
5 7→ −√5 mentioned above.
In F2 they are represented by
OF2(g1) =

 1 0 00 −1 0
0 0 −1

 , OF2(g2) =

−1 0 00 1 0
0 0 −1

 ,
OF2(g3) = −
1
2

 1 τ
−1 −τ
τ−1 τ 1
−τ 1 −τ−1

 , (3.3)
and in G they are
OG(g1) =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , OG(g2) =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 ,
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OG(g3) = 1
4


−1 √5 −√5 −√5√
5 3 1 1
−√5 1 −1 3
−√5 1 3 −1

 . (3.4)
Finally, in H they are given by
OH(g1) =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −1 0
0 0 0 0 −1

 ,OH(g2) =


1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 −1 0
0 0 0 0 1

 ,
OH(g3) = 1
4


−1 √2 −√3 √2 −√8√
2 0 −√6 2 2
−√3 −√6 1 √6 0√
2 2
√
6 2 0
−√8 2 0 0 2

 . (3.5)
4 ADHM Data for the Buckyball
The first step in attempting to construct an icosahedrally symmetric charge seventeen
instanton is to chooseW, the real 17-dimensional representation of Y˜ . Studies of symmetric
monopoles [10, 12, 13] suggests that when searching for G˜-symmetric instantons a fruitful
choice for the N -dimensional space W is the restriction of the N -dimensional irreducible
representation of SU(2) ie.
W = N |G˜. (4.1)
Making this choice with N = 17 and G˜ = Y˜ gives
W = 17|
Y˜
= F2 ⊕G⊕ 2H, (4.2)
which explains why we presented the details for these real representations in the previous
section.
From equation (2.11) we see that
q(g)LO(g)−1g−1 = L (4.3)
for all g ∈ Y˜ . This equation means that L is a Y˜ -invariant map from W ⊗ E ′
1
to Q. Now
since
W ⊗ E ′
1
= (F2 ⊕G⊕ 2H)⊗ E ′1 = I ′ ⊕ (E ′2 + I ′)⊕ 2(G′ + I ′) (4.4)
then we must have that Q = E ′
2
, since this is the only two-dimensional representation
that occurs in the final expression above. To find a basis, say L1, for the invariant map
G⊗ E ′
1
7→ E ′
2
the quaternionic linear equations
q(gs)L1OG(gs)−1g−1s = L1 (4.5)
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must be solved for L1 with s = 1, 2, 3, where the generators gs are given by (3.1), and
the representation of the generators q(gs) in E
′
2
and OG(gs) in G are given in (3.2) and
(3.4) respectively. These quaternionic linear equations, and all similar equations later in
the paper, were solved using MAPLE with the quaternions dealt with using the Clifford
algebra package CLIFFORD [18]. The result is that
L1 = (1, i, j, k) (4.6)
with any real multiple of L1 being the general invariant map.
Equation (2.11) reveals that for all g ∈ Y˜
O(g)gMO(g)−1g−1 =M (4.7)
which implies that we may view M as a Y˜ -invariant map from W to W ⊗ E ′
1
⊗ E ′
1
. Now
E ′
1
⊗ E ′
1
= A ⊕ F1 and this corresponds to the decomposition of M into a real and pure
quaternion part. The real part gives a multiple of the identity matrix for each irreducible
component of W and to compute the pure part we must construct the general invariant
map W 7→W ⊗ F1.
From the following products of representations
F2 ⊗ F1 = G⊕H , G⊗ F1 = F2 ⊕G⊕H , H ⊗ F1 = F1 ⊕ F2 ⊕G⊕H (4.8)
we see that the pure part of M must be constructed from the invariant maps
B1 : F2 7→ G⊗ F1 (4.9)
B2 : F2 7→ H ⊗ F1 (4.10)
B3 : G 7→ H ⊗ F1 (4.11)
B4 : G 7→ G⊗ F1 (4.12)
B5 : H 7→ H ⊗ F1 (4.13)
B
†
1 : G 7→ F2 ⊗ F1 (4.14)
B
†
2 : H 7→ F2 ⊗ F1 (4.15)
B
†
3 : H 7→ G⊗ F1. (4.16)
To obtain a basis for each of these maps, let B denote one of the above maps such that
B : R2 7→ R1 ⊗ F1, where R1 and R2 each denote one of the representations F2, G or
H . Then B is the pure quaternion matrix of dimension dimR1 × dimR2 that solves the
quaternionic linear equations
OR1(gs)gsBOR2(gs)−1g−1s = B (4.17)
with s = 1, 2, 3. Using the explicit matrices given in section 3 these equations can be solved
using MAPLE to yield
B1 =


i j k
0 τk τ−1j
τ−1k 0 τi
τj τ−1i 0

 , B2 =


i j −2k
0 −√2τ−1k √2τj
−√3i √3j 0√
2τ−1j −√2τi 0
−√2τk 0 √2τ−1i

 (4.18)
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B3 =


0 (1− 3√5)i (1 + 3√5)j −2k
−2√10i 0 √2(3 +√5)k √2(3−√5)j
0 −√3(1 +√5)i √3(1−√5)j 2√15k
2
√
10k −√2(3 +√5)j √2(3−√5)i 0
2
√
10j −√2(3−√5)k 0 −√2(3 +√5)i

 . (4.19)
Note that B1B
†
1 is an invariant map B1B
†
1 : G 7→ G⊗E ′1⊗E ′1, so its pure quaternion part
is a basis for the map B4
B4 = Im(B1B
†
1) =


0 −i −j −k
i 0 k −j
j −k 0 i
k j −i 0

 (4.20)
where Im denotes the pure quaternion part.
Similarly, B2B
†
2 : H 7→ H ⊗E ′1 ⊗E ′1, so its pure quaternion part is a basis for the map B5
B5 = Im(B2B
†
2) (4.21)
=
1√
2


0 −(√5 + 3)i 0 −2√5k (√5− 3)j
(
√
5 + 3)i 0 −√3(√5− 1)i −2√2j 2√2k
0
√
3(
√
5− 1)i 0 −2√3k √3(√5 + 1)j
2
√
5k 2
√
2j 2
√
3k 0 2
√
2i
−(√5− 3)j −2√2k −√3(√5 + 1)j −2√2i 0

 .
Note that the nature of the above construction for B4 and B5 means that B4 = B
†
4 and
B5 = B
†
5.
The matrices B1, ..., B5, and their quaternionic conjugates, together with the identity
matrices, are a basis for all the invariant maps between the spaces we are considering,
so the (allowed) products of any two can be written as a linear combination of this set.
Using the explicit matrices listed above we compute the following product formulae that
are required later
B1B
†
1 = 3 14 +B4, B2B
†
1 =
1
2
B3, B2B
†
2 = 6 15 +B5, B3B
†
3 = 96 15 + 16B5,
B3B1 = 8B2, B5B5 = 24 15 − 2B5, B5B2 = 4B2, B5B3 = 4B3, (4.22)
B
†
1B1 = 4 13, B
†
2B2 = 10 13, B
†
3B3 = 120 14 + 40B4, B
†
3B2 = 20B1.
As L1 is also an invariant map, we find that L
†
1L1 = 14 − B4.
As none of the B matrices are symmetric, they can only be assembled to form the
symmetric matrix M if they are placed in off-diagonal blocks. As all the B matrices are
pure quaternion then B† = −Bt, and this determines the block structure of M̂ to be
M̂ = λ


0 L1 0 0
β113 −α1B†1 −α2B†2 −α3B†2
α1B1 β214 −α6B†3 −α4B†3
α2B2 α6B3 β315 −α5B5
α3B2 α4B3 α5B5 β415

 (4.23)
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where α1, .., α6, β1, ..., β4 are real constants and λ is an arbitrary non-zero real constant
which sets the overall scale of the instanton. We fix the instanton scale by choosing λ = 1
from now on.
The invariant map (4.23) must now be subjected to the ADHM constraint (2.2). Com-
puting the product M̂ †M̂ produces a block form in which each block is proportional to
one of the B matrices plus a possible contribution proportional to an identity matrix. To
satisfy the ADHM constraint all the terms proportional to the B matrices must vanish.
Applying the product formulae (4.22) yields the equations
α1(β2 − β1) + 20α2α6 + 20α3α4 = 0
α2(β3 − β1)− 8α1α6 + 4α3α5 = 0
α3(β4 − β1)− 8α1α4 − 4α2α5 = 0
α4(β4 − β2) + 1
2
α1α3 − 4α5α6 = 0
α5(β4 − β3) + α2α3 + 16α4α6 = 0
α6(β3 − β2) + 1
2
α1α2 + 4α4α5 = 0
α2
1
+ 40α2
4
+ 40α2
6
= 1
α2
2
+ 16α2
6
= 2α2
5
α2
3
+ 16α2
4
= 2α2
5
. (4.24)
These equations require that β1 = β2 = β3 = β4, and hence the freedom in the arbitrary
parameter β1 simply corresponds to a translation of the instanton in the x4 direction. We
fix this freedom by setting β1 = β2 = β3 = β4 = 0.
Note that there is a degenerate solution α1 = 1, αs = 0 for s > 1, for which only the
first 8×7 block of M̂ contains non-zero entries. This is the ADHM data of the icosahedrally
symmetric charge seven instanton found in [17], for which the topological charge density,
at fixed Euclidean time, is localized on the edges of an icosahedron. The similar solution
with α1 = −1 gives equivalent data.
The general solution (upto some sign changes which give equivalent data) of the equa-
tions (4.24) is given by
α1 =
2
3
, α2 =
√
2
3
sin θ, α3 =
√
2
3
cos θ, α4 = − 1
6
√
2
sin θ, α5 =
1
3
, α6 =
1
6
√
2
cos θ
(4.25)
where θ is an arbitrary angle. In fact this whole one-parameter family gives equivalent data,
corresponding to a freedom to rotate the B2 and B3 blocks inside M̂. We can therefore
choose a convenient member of this family, θ = 0, to give the solution
α1 =
2
3
, α2 = 0, α3 =
√
2
3
, α4 = 0, α5 =
1
3
, α6 =
1
6
√
2
. (4.26)
So finally, the ADHM data for the icosahedrally symmetric 17-instanton, which is unique
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upto the obvious freedom to scale, rotate and translate, is given by
M̂ =
1
3


0 3L1 0 0
0 2Bt
1
0
√
2Bt
2
2B1 0
1
2
√
2
Bt
3
0
0 1
2
√
2
B3 0 B
t
5√
2B2 0 B5 0

 . (4.27)
Given the explicit matrix (4.27) the real matrix R(x), defined by (2.6), can be com-
puted explicitly using MAPLE, and its determinant calculated to verify that it is non-zero.
Using the formula (2.8) a MAPLE computation can generate an explicit expression for the
topological charge density, but this is such a horrendous expression that it is not even effi-
cient to use it to plot a topological charge density isosurface. In fact a much more efficient
numerical scheme is to compute the determinant of the matrix R(x) numerically and use
a finite difference approximation to the derivatives in equation (2.8) to produce data for
a plot. The results of this scheme are displayed in Fig. 1, where we present a topological
charge density isosurface in R3 ⊂ R4, obtained at zero Euclidean time x4 = 0. It can be seen
that the topological charge density is localized around the ninety edges (and particularly
the sixty vertices) of the truncated icosahedron of the buckyball, as predicted. As the only
x4 dependence of the matrix R(x) is in the combination |x|2 = x21 + x22 + x23 + x24, then
isosurfaces for different Euclidean time slices are qualitatively similar, though the level set
value needs to be reduced to correspond to the fact that the topological charge density
decreases as x2
4
increases.
Figure 1: A topological charge density isosurface, in the Euclidean time slice x4 = 0, for
the charge seventeen buckyball instanton.
For a suitable choice of scale, the holonomy of this instanton will provide a good ap-
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proximation to the minimal energy charge seventeen Skyrmion. However, we have not
investigated the energy of the resulting Skyrme field to determine the required scale since
it is computationally expensive and a good approximation to this Skyrmion has already
been obtained using a different approach [11].
5 Conclusion
The ADHM data has been obtained for an icosahedrally symmetric charge seventeen
instanton with a buckyball structure. The existence of this instanton was predicted by
studying Skyrmions, and this approach also predicts the existence of a whole range of
fullerene instantons. However, it is not clear which fullerenes correspond to tractable
ADHM data. There is evidence [3] that the minimal energy fullerene Skyrmion has icosa-
hedral symmetry for charges in the sequence which begins 7, 17, 37, 67, 97, ... As we have
seen, icosahedral ADHM data is tractable for the first two charges in this sequence, so it
may be tractable for others too.
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